Abstract. For a set of sorts S and an S-sorted signature Σ we prove that a profinite Σ-algebra, i.e., a projective limit of a projective system of finite Σ-algebras, is a retract of an ultraproduct of finite Σ-algebras if the family consisting of the finite Σ-algebras underlying the projective system is with constant support. In addition, we provide a categorial rendering of the above result. Specifically, after obtaining a category where the objects are the pairs formed by a nonempty upward directed preordered set and by an ultrafilter containing the filter of the final sections of it, we show that there exists a functor from the just mentioned category whose object mapping assigns to an object a natural transformation which is a retraction.
Introduction.
In their article "Profinite structures are retracts of ultraproducts of finite structures" [11] , H. L. Mariano and F. Miraglia proved, for a single-sorted first order language with equality L, that the profinite L-algebraic systems, i.e., the projective limits of finite L-algebraic systems, are retracts of certain ultraproducts of finite L-algebraic systems.
It is true that, broadly speaking, almost all fundamental statements from singlesorted algebra (or single-sorted equational logic), when suitably translated, are also valid for many-sorted algebra (or many-sorted equational logic). However, there are statements from single-sorted algebra which can not be generalized to many-sorted algebras without some type of qualification, which is ultimately grounded on the fact that many-sorted equational logic is not an inessential variation of single-sorted equational logic. (Some examples of theorems about single-sorted algebras which do not go through in their original form to the setting of many-sorted algebras can be found e.g., in [1] - [6] , [7] , [12] , and [13] .) In this connection, the aforementioned result of Mariano and Miraglia is no exception and in order to be adapted to manysorted algebras, it will also require some adjustment. Accordingly, for an arbitrary set of sorts S and an arbitrary S-sorted signature Σ, the main objective of this article is to establish a sufficient (and natural) condition for a profinite Σ-algebra to be a retract of an ultraproduct of finite Σ-algebras (let us notice that after having done that, the extension of this result to the case of a many-sorted first order language with equality L and L-algebraic systems is straightforward). We point out that the required adjustment is, ultimately, founded on the concept of support mapping for the set of sorts S and on the notion of family of Σ-algebras with constant support (details will be found in the penultimate section of this article).
We next proceed to succinctly summarize the contents of the subsequent sections of this article. The reader will find a more detailed explanation at the beginning of the succeeding sections.
In Section 2, for the convenience of the reader, we recall, mostly without proofs, for a set of sorts S and an S-sorted signature Σ, those notions and constructions of the theories of S-sorted sets and of Σ-algebras which are indispensable to define in the following section those others which will allow us to achieve the above mentioned main results, thus making, so we hope, our exposition self-contained.
After having stated all of these auxiliary results we provide in Section 3 a solution to the problem posed in the title of this article. Concretely, we prove, for an Ssorted signature Σ, the following proposition:
If A is a profinite Σ-algebra, i.e., a projective limit of a projective system A of finite Σ-algebras relative to a nonempty upward directed preordered set I = (I, ≤), and (A i ) i∈I , the underlying family of finite Σ-algebras of A, is with constant support, then, for a suitable ultrafilter F on I, we have that A is a retract of i∈I A i / ≡ F , the ultraproduct of (A i ) i∈I relative to F .
Finally, in Section 4, after obtaining, by means of the Grothendieck construction for a covariant functor from a convenient category of nonempty upward directed preordered sets to the category of sets, a category in which the objects are the pairs formed by a nonempty upward directed preordered set and by an ultrafilter containing the filter of the final sections of it, we provide a categorial rendering of the aforementioned many-sorted version of Mariano-Miraglia theorem. Specifically, we show that there exists a functor from the just mentioned category whose object mapping assigns to an object a natural transformation, between two functors from a suitable category of projective systems of Σ-algebras to the category of Σ-algebras, which is a retraction.
Our underlying set theory is ZFSk, Zermelo-Fraenkel-Skolem set theory (also known as ZFC, i.e., Zermelo-Fraenkel set theory with the axiom of choice) plus the existence of a Grothendieck universe U, fixed once and for all (see [9] , pp. 21-24). We recall that the elements of U are called U -small sets and the subsets of U are called U -large sets or classes. Moreover, from now on Set stands for the category of sets, i.e., the category whose set of objects is U and whose set of morphisms is A,B∈U Hom(A, B), the set of all mappings between U -small sets. In all that follows we use standard concepts and constructions from category theory, see [8] , [9] , and [10] , and from many-sorted algebra, see [12] and [15] . More specific notational and conceptual conventions will be included and explained in the following section.
Preliminaries.
In this section we introduce those basic notions and constructions which we shall need to obtain the aforementioned main result of this article. Specifically, for a set (of sorts) S in U , we begin by recalling the concept of free monoid on S, which will be fundamental for defining the concept of S-sorted signature. Following this we define the concepts of S-sorted set, S-sorted mapping from an S-sorted set to another, and the corresponding category. Moreover, we define the subset relation between S-sorted sets, the notion of finiteness as applied to S-sorted sets, the concept of support of an S-sorted set, and its properties, the notion of S-sorted equivalence on an S-sorted set, the quotient S-sorted set of an S-sorted set by an S-sorted equivalence on it, the usual set-theoretic operations on the S-sorted sets, and the notion of family of S-sorted sets with constant support. ) s∈S when this is unlikely to cause confusion, is the S-sorted mapping from i∈I A i to A i which, for every s ∈ S, sends (a i ) i∈I in i∈I A i s to a i in A i s . On the other hand, if B is an S-sorted set and (f i ) i∈I an I-indexed family of S-sorted mappings, where, for every i ∈ I, f i is an S-sorted mapping from B to A i , then we denote by f i i∈I the unique S-sorted mapping f from B to i∈I A i such that, for every i ∈ I,
The remaining set-theoretic operations on S-sorted sets are defined in a similar way, i.e., componentwise.
Remark. For a set I in U and an I-indexed family of S-sorted sets (A i ) i∈I , the ordered pair ( i∈I A i , (pr i ) i∈I ) is a product of (A i ) i∈I in Set S .
Definition 2.4. We denote by 1 S or, to abbreviate, by 1, the (standard) final Ssorted set of Set S , which is 1 S = (1) s∈S , and by ∅ S the initial S-sorted set, which is ∅ S = (∅) s∈S .
Definition 2.5. If A and B are S-sorted sets, then we will say that A is a subset of B, denoted by A ⊆ B, if, for every s ∈ S, A s ⊆ B s .
Definition 2.6. Let f, g : A / / B be two S-sorted mappings. Then the equalizer of f and g, denoted by Eq(f, g), is the subset of A defined, for every s ∈ S, as Eq(f, g) s = {a ∈ A s | f s (a) = g s (a)}. Moreover, eq(f, g) is the canonical embedding of Eq(f, g) into A.
Remark. For a parallel pair f, g : A / / B of S-sorted mappings, the ordered pair (Eq(f, g), eq(f, g)) is an equalizer of f and g in Set S .
Definition 2.7. An S-sorted set A is finite if A = s∈S (A s × {s}) is finite. We say that A is a finite subset of B if A is finite and A ⊆ B.
Remark. For an object A of the topos Set S , are equivalent: (1) A is finite, (2) A is a finitary object of Set S , and (3) A is a strongly finitary object of Set S . In Set S there is another notion of finiteness: An S-sorted set A is S-finite if, and only if, for every s ∈ S, A s is finite. However, unless S is finite, this notion of finiteness is not categorial.
Definition 2.8. Let A be an S-sorted set. Then the support of A, denoted by supp S (A), is the set { s ∈ S | A s = ∅ }.
Remark. An S-sorted set A is finite if, and only if, supp S (A) is finite and, for every s ∈ supp S (A), A s is finite.
In the following proposition we gather together only those properties of the mapping supp S : U S / / Sub(S), the support mapping for S, which sends an Ssorted set A to supp S (A), which will actually be used afterwards.
Proposition 2.9. Let A and B be two S-sorted sets, I a set in U , and (A i ) i∈I an I-indexed family of S-sorted sets. Then the following properties hold:
(1) Hom(A, B) = ∅ if, and only if,
Remark. The concept of support does not play any significant role in the case of the single-sorted algebras. Nevertheless, it (together with, among others, the notions of uniform algebraic closure operator on an S-sorted set, delta of Kronecker, subfinal S-sorted set, finite S-sorted set, and family of S-sorted sets with constant support) has turned to be essential to accomplish some investigations in the field of many-sorted algebras, e.g., those carried out in [1] - [6] .
In the following definition of the concept of family of S-sorted sets with constant support use will be made of the concept of support defined above. Definition 2.10. Let I be a set and (A i ) i∈I an I-indexed family of S-sorted sets. We say that (A i ) i∈I is a family of S-sorted sets with constant support if, for every i, j ∈ I, supp S (A i ) = supp S (A j ).
Definition 2.11. An S-sorted equivalence relation on (or, to abbreviate, an Ssorted equivalence on) an S-sorted set A is an S-sorted relation Φ on A, i.e., a subset Φ = (Φ s ) s∈S of the cartesian product A × A = (A s × A s ) s∈S such that, for every s ∈ S, Φ s is an equivalence relation on A s . For an S-sorted equivalence relation Φ on A, A/Φ, the S-sorted quotient set of A by Φ, is (A s /Φ s ) s∈S , and pr Φ : A / / A/Φ, the canonical projection from A to A/Φ, is the S-sorted mapping (pr Φs ) s∈S , where, for every s ∈ S, pr Φs is the canonical projection from A s to A s /Φ s (which sends x in A s to pr
Φs (x) = [x] Φs , the Φ s -equivalence class of x, in A s /Φ s ).
Remark. Let A be an S-sorted set and Φ ∈ Eqv(A). Then, by Proposition 2.9, supp S (A) = supp S (A/Φ).
We next recall the concept of kernel of an S-sorted mapping and the universal property of the S-sorted quotient set of an S-sorted set by an S-sorted equivalence on it Definition 2.17. Let A be a Σ-algebra. We say that A is finite if A, the underlying S-sorted set of A, is finite.
We next define when a subset X of the underlying S-sorted set A of a Σ-algebra A is closed under an operation of A, as well as when X is a subalgebra of A. Definition 2.18. Let A be a Σ-algebra and X ⊆ A. Let σ be such that σ : w / / s, i.e., a formal operation in Σ w,s . We say that X is closed under the operation F σ : A w / / A s if, for every a ∈ X w , F σ (a) ∈ X s . We say that X is a subalgebra of A if X is closed under the operations of A. We also say, equivalently, that a Σ-algebra X is a subalgebra of A if X ⊆ A and the canonical embedding of X into A determines an embedding of X into A.
We now recall the concept of product of a family of Σ-algebras. Definition 2.19. Let I be a set in U and (A i ) i∈I an I-indexed family of Σ-algebras, where, for every i ∈ I,
For every i ∈ I, the i-th canonical projection, pr i = (pr i s ) s∈S , is the homomorphism from i∈I A i to A i which, for every s ∈ S, sends (a i ) i∈I in i∈I A i s to a i in A i s . On the other hand, if B is a Σ-algebra and (f i ) i∈I an I-indexed family of homomorphisms, where, for every i ∈ I, f i is a homomorphism from B to A i , then we denote by f i i∈I the unique homomorphism f from B to i∈I A i such that, for every i ∈ I,
In the following definition of the concept of family of Σ-algebras with constant support use will be made of the concept of an I-indexed family of S-sorted sets with constant support. Definition 2.20. Let I be a set and (A i ) i∈I an I-indexed family of Σ-algebras. We say that (A i ) i∈I is a family of Σ-algebras with constant support if (A i ) i∈I , the underlying family of S-sorted sets of (A i ) i∈I , is a family of S-sorted sets with constant support.
Our next goal is to define the concepts of congruence on a Σ-algebra and of quotient of a Σ-algebra by a congruence on it. Moreover, we recall the notion of kernel of a homomorphism between Σ-algebras and the universal property of the quotient of a Σ-algebra by a congruence on it.
Definition 2.21. Let A be a Σ-algebra and Φ an S-sorted equivalence on A. We say that Φ is an S-sorted congruence on (or, to abbreviate, a congruence on) A if, for every (w, s) ∈ (S ⋆ − {λ}) × S, every σ : w / / s, and every a, b ∈ A w , if, for
Definition 2.22. Let A be a Σ-algebra and Φ ∈ Cgr(A). Then A/Φ, the quotient Σ-algebra of A by Φ, is the Σ-algebra (A/Φ, F A/Φ ), where, for every σ : w / / s, the operation F 
Proposition 2.24. Let f, g : A / / B be two homomorphisms of Σ-algebras. Then the pair (Eq(f, g), eq(f, g)), with Eq(f, g) the subalgebra of A determined by the S-sorted set Eq(f, g) = ({a ∈ A s | f s (a) = g s (a)}) s∈S , and eq(f, g) the canonical embedding in A, is an equalizer of f and g in Alg(Σ).
We next define the concept of projective system of Σ-algebras and state the existence of the projective limit of a projective system of Σ-algebras. But before we start doing all that we recall that every preordered set I = (I, ≤) has a canonically associated category, also denoted by I, whose set of objects is I and whose set of morphisms is ≤, thus, for every i, j ∈ I, Hom(i, j) = {(i, j)}, if (i, j) ∈≤, and Hom(i, j) = ∅, otherwise.
Definition 2.25. Let I be a preordered set. A projective system of Σ-algebras relative to I is a contravariant functor from (the category canonically associated to) I to Alg(Σ), i.e., an ordered pair
(1) For every i ∈ I, A i is a Σ-algebra.
/ / A i are called the transition homomorphisms of the projective system of Σ-algebras A relative to I.
A projective cone to A is an ordered pair (L, (f i ) i∈I ) where L is a Σ-algebra and, for every
Proposition 2.26. Let A be a projective system of Σ-algebras relative to I. Then we denote by lim ← −I A, the Σ-algebra determined by the subalgebra lim
A is defined as:
On the other hand, for every i ∈ I, let f i be the composition
A into i∈I A i and the canonical projection
We next define the concept of inductive system of Σ-algebras and state the existence of the inductive limit of an inductive system of Σ-algebras. Definition 2.27. Let I be an upward directed preordered set. An inductive system of Σ-algebras relative to I is a covariant functor from (the category canonically associated to) I to Alg(Σ), i.e., an ordered pair
The homomorphisms f i,j are called transition homomorphisms of the inductive system of Σ-algebras A relative to I.
An inductive cone from A is an ordered pair (L, (f i ) i∈I ) where L is a Σ-algebra and, for every i ∈ I,
Proposition 2.28. Let A be an inductive system of Σ-algebras relative to I. Then we denote by lim − →I A the Σ-algebra which has as underlying S-sorted set
, where Φ (I,A) is the S-equivalence on i∈I A i defined as:
and, for every (w, s) ∈ S ⋆ × S and every σ ∈ Σ w,s , as structural operation F σ from
, where k is an upper bound of (i α ) α∈|w| in I and F k σ the structural operation on A k corresponding to σ. On the other hand, for every i ∈ I, let f i be the composition pr
and the S-sorted mapping pr
an inductive limit of (I, A).
In the single-sorted case, as in the many-sorted case, to calculate the inductive limit of an inductive system of Σ-algebras, we can suppress from the inductive system those Σ-algebras which are initial, i.e., which have ∅ as underlying set.
Remark. Let A be an inductive system of Σ-algebras relative to I and let J be the subset of I defined as
, and there exists a k ∈ I such that k ≥ i, j, hence we have the homomorphisms f i,k from A i to A k and f j,k from A j to A k , therefore A k = (∅) s∈S , and, consequently, k ∈ J). Moreover, by definition, it is easy to see that lim − →I A is the same as lim − →J A↾J. Therefore, to calculate the inductive limit of an inductive system of Σ-algebras, we can suppress from the inductive system those Σ-algebras which are initial, i.e., which have as underlying S-sorted set (∅) s∈S .
Moreover, as it is well-known, for single-sorted algebras, the inductive limit of an inductive system of nonempty Σ-algebras A relative to I can be obtained, alternative, but equivalently, as a quotient algebra C/≡, where C is the subalgebra of i∈I A i determined by the set C of all those choice functions for (A i ) i∈I which are eventually consistent, i.e., by
and ≡ the congruence on C defined as x ≡ y if and only if ∃k ∈ I ∀i ≥ k (x i = y i ).
However, for a set of sorts S such that card(S) ≥ 2, one can easily find S-sorted signatures Σ and Σ-algebras A such that (1) A is non-initial, i.e., such that the underlying S-sorted set is different from (∅) s∈S , but (2) A is globally empty, i.e., such that there is not any homomorphism from 1, the final Σ-algebra, to A.
This fact has as a consequence that the above mentioned alternative construction of the inductive limit can not be applied without qualification in the many-sorted case, because the suppression of every occurrence of the initial Σ-algebra in a direct system does not have any effect on the elimination of those Σ-algebra which are non-initial but globally empty.
Proposition 2.29.
[ [6] , Prop. 2.5 ] Let A be an inductive system of Σ-algebras relative to I, C the subalgebra of i∈I A i determined by the S-sorted set C of i∈I A i defined, for every s ∈ S, as follows
s (x i ) = x j }, and let ≡ be the congruence on C defined, for every s ∈ S, as follows
family of Σ-algebras with constant support if and only if
The usual definitions of reduced products and ultraproducts for single-sorted algebras have an immediate translation for many-sorted algebras. However, some characterizations of such constructions are not valid for arbitrary families of manysorted algebras, although they are valid for those families who have the additional property of having constant support. Definition 2.30. Let I be a nonempty set, F a filter on I, and (
, is an inductive system of Σ-algebras relative to F . The underlying Σ-algebra of the inductive limit (lim
also denoted by F i∈I A i , is called the reduced product of (A i ) i∈I relative to F . If F is an ultrafilter on I, then the underlying Σ-algebra of the inductive limit of the corresponding inductive system A(F ) is called the ultraproduct of (A i ) i∈I relative to F . 
As it is well known, the reduced product of a family of single-sorted algebras is isomorphic to a quotient of the product of the family. However, when considering systems of many-sorted algebras, this representation is valid only for systems of many-sorted algebras with constant support. 
Remark. Let I be a nonempty set, F a filter on I, and (A i ) i∈I a family of Σ-algebras. If 
3.
A sufficient condition for a profinite Σ-algebra to be a retract of an ultraproduct of finite Σ-algebras.
In this section, after recalling that for a nonempty upward directed preordered set I the set of all final sections of I is included in an ultrafilter on I and stating that for a projective system of S-sorted sets A = ((A i ) i∈I , (f j,i ) (i,j)∈≤ ) relative to I and a filter F on I such that the filter of the final sections of I is contained in F , if the I-indexed family of S-sorted sets (A i ) i∈I is with constant support, then the derived family (A(J)) J∈F is an F -indexed family of S-sorted sets with constant support, we prove that if A = lim ← −I A is a profinite Σ-algebra, where A is a projective system of finite Σ-algebras relative to I with A = ((A i ) i∈I , (f j,i ) (i,j)∈≤ ), and the I-indexed family of Σ-algebras (A i ) i∈I is with constant support, then A is a retract of i∈I A i / ≡ F .
Assumption. From now on we assume all preordered sets to be nonempty and upward directed.
Proposition 3.1. Let I be a preordered set. Then the subset {⇑ i | i ∈ I} of Sub(I), where, for every i ∈ I, ⇑ i = {j ∈ I | i ≤ j}, the final section at i of I, is a filter basis on I, i.e., {⇑ i | i ∈ I} = ∅, ∅ ∈ {⇑ i | i ∈ I}, and, for every i, j ∈ I there exists a k ∈ I such that ⇑ k ⊆⇑ i∩ ⇑ j.
We recall that for a preordered set I, and according to the standard definition, the filter on I generated by the filter basis {⇑ i | i ∈ I} on I, which is called the filter of the final sections of I or the Fréchet filter of I, is
which, on the basis of the above assumption, is precisely {J ⊆ I | ∃ i ∈ I (⇑ i ⊆ J)}. Moreover, since every filter F on a nonempty set I is contained in an ultrafilter on I, it follows that {⇑ i | i ∈ I} is contained in an ultrafilter on I. From Lemma 2.33 we obtain the following proposition. Proof. Since it is easy to check that (1) entails (2), we restrict ourselves to show that (2) entails (1). Let us suppose that, for every i ∈ I and every J ∈ F , supp S (A i ) = supp S (A(J)). To prove that (A i ) i∈I is an I-indexed family of Ssorted sets with constant support, let k and ℓ be elements of I. Then we have that
i∈I is an I-indexed family of S-sorted sets with constant support.
From Lemma 2.33 we obtain the following proposition. Remark. Let I be a preordered set, A = ((A i ) i∈I , (f j,i ) (i,j)∈≤ ) a projective system of S-sorted sets, and F a filter on I such that the filter of the final sections of I is contained in F . If, for every (i, j) ∈≤, f j,i is surjective, then, by Proposition 2.9 and taking into account that I is upward directed, (A i ) i∈I is an I-indexed family of S-sorted sets with constant support. Definition 3.5. Let A be a Σ-algebra. We call A a profinite Σ-algebra if it is a projective limit of a projective system of finite Σ-algebras.
Proposition 3.6. Let I be a preordered set and F an ultrafilter on I such that the filter basis
A is a profinite Σ-algebra, where A is a projective system of finite Σ-algebras relative to I with A = ((A i ) i∈I , (f j,i ) (i,j)∈≤ ), and the I-indexed family of finite Σ-algebras (A i ) i∈I is with constant support, then A is a retract of i∈I A i / ≡ F .
Proof. By hypothesis, (A i ) i∈I is an I-indexed family of Σ-algebras with constant support, hence, by Proposition 3.4, (A(J)) J∈F is an F -indexed family of S-sorted sets with constant support. Thus, by Corollary 2.35, i∈I A i /≡ F is isomorphic to 
To define h (I,F ),A (subject to satisfying the requirement just set out), we have to start by defining, for every J ∈ F and every i ∈ I, a homomorphism h J,i from A(J) = j∈J A j to A i in such a way that, for every J, K ∈ F such that K ⊇ J, the homomorphisms h J,i from A(J) to A i and h K,i from A(K) to A i are compatible with the transition homomorphism p K,J from A(K) to A(J). Afterwards, using the universal property of lim − →F A(F ), we define a homomorphism h i from such an inductive limit to A i , for every i ∈ I. Finally, using the universal property of A = lim ← −I A, we obtain the desired homomorphism h (I,F ),A from lim − →F A(F ) to A = lim ← −I A. Let J be an element of F and i ∈ I. We now proceed to define the homomorphism 
The just stated definition is sound. In fact, J∩ ⇑ i ∈ F since F is an ultrafilter such that {⇑ i | i ∈ I} ⊆ F and J ∈ F . Moreover, since, by hypothesis, (A i ) i∈I is a family of Σ-algebras with constant support we have that, for every J ∈ F and every i ∈ I, supp S (A(J)) = supp S (A i ).
This follows from the fact that f j,i s is, in particular, an S-sorted mapping.
We next prove that
In what follows it is most useful to use a certain characterization of the notion of ultrafilter on a set. Specifically, a filter G on a nonempty set I is an ultrafilter, i.e., a maximal filter, if, and only if, for every J, K ⊆ I, if J ∪ K ∈ G, then J ∈ G or K ∈ G. This characterization extends, by induction, up to nonempty finite families of subsets of I. Moreover, we recall that ∅ does not belong to any filter. Now, as we have, on the one hand, that F is an ultrafilter such that J∩ ⇑ i ∈ F and, on the other hand, that Our next goal is to show that, for every i ∈ I and every J,
To verify that h Let j be an element of
, and F is a filter, V K,i,s (a, y) ∈ F . From this it follows that h
s ) s∈S is a homomorphism from A(J) = j∈J A j to A i we have to check that, for every (w, s) ∈ S ⋆ × S, every σ ∈ Σ w,s , and every
Let us recall that the structural operation F A(J) σ of A(J) is defined, for every (a α ) α∈|w| ∈ A(J) w , as:
Now, for every α ∈ |w|, we have the subset
wα (a α )}. of I. But, for every α ∈ |w|, we have that V J,i,wα (a α , h
wα (a α )) ∈ F . Thus, because F is a filter, we have that α∈|w| V J,i,wα (a α , h
wα (a α )) α∈|w| )) of I, which, we recall, is
wα (a α )). Then, by definition, i ≤ j and, for every α ∈ |w|, we have that f
Moreover, we have that
wα (a α )) α∈|w| )). Hence, since F is a filter, we have that
After having proved that, for every i ∈ I and every J,
s ) s∈S is a homomorphism from A(J) to A i , we can assert, by the universal property of the inductive limit, that, for every i ∈ I, there exist a unique homomorphism
where p J is the canonical homomorphism from A(J) to lim − →F A(F )
Let us recall that, for every s ∈ S, the mapping h
s (x))) ∈ F . Thus, for every s ∈ S and every x ∈ A(J) s , h
what is equivalent, that the outer, the left and the right triangles of the following diagram commute:
we can assert, by the universal property of the projective limit, that there exist a unique homomorphism
Finally, we proceed to show that h (I,F ),A • pr
A is the canonical embedding of A = lim ← −I A into i∈I A i and pr ≡ F the canonical projection from i∈I A i to i∈I A i /≡ F which, we remark, coincides with p I , the canonical homomorphism from A(I) = i∈I A i to lim − →F A(F ). But lim ← −I
A is a projective limit and any projective limit is an (extremal mono)-source. Thus, to prove the above equality it suffices to prove that, for every i ∈ I, we have that
We draw the following picture to provide a visual description of the current situtation.
Let i be an element of I. Then, as we have shown before, 
Remark. If, following L. Ribes and P. Zalesskii in [14] , but for many-sorted algebras, one defines a profinite Σ-algebra as a projective limit of a projective system of finite Σ-algebras A relative to a nonempty upward directed poset I such that the transition homomorphisms of A are surjective, then the just proved theorem still holds, since, by Proposition 2.9, the surjectivity of the transition homomorphisms entails that the I-indexed family of Σ-algebras (A i ) i∈I is with constant support. This fact, we think, shows the naturalness of the condition imposed on (A i ) i∈I .
4.
A category-theoretic view of the many-sorted version of Mariano-Miraglia theorem.
Our objective in this section is to provide a categorial rendering of the manysorted version of Mariano-Miraglia theorem stated in the previous section. To that purpose we consider, by means of the Grothendieck construction for a covariant functor Uffs from the category UdPros inj =∅,cof , of nonempty upward directed preordered sets and injective, isotone, and cofinal mappings between them, to the category of sets, the category Uffs = UdPros inj =∅,cof Uffs, in which the objects are the pairs formed by a nonempty upward directed preordered set and by an ultrafilter containing the filter of the final sections of it. Specifically, we show that there exists a functor from the category Uffs whose object mapping assigns to an object of it a natural transformation between two functors from a suitable category of projective systems of Σ-algebras to the category of Σ-algebras, which is a retraction. This is precisely the category-theoretic counterpart of the aforementioned theorem.
But before doing that, since it will prove to be necessary later, we next recall that given a mapping ϕ from a nonempty set I to another P and given an ultrafilter F on I the co-optimal lift of ϕ : (I, F ) / / P is an ultrafilter on P .
Proposition 4.1. Let I be a nonempty set, F an ultrafilter on I, and ϕ a mapping from I to P . Then
the co-optimal lift of ϕ : (I, F ) / / P , i.e., the filter on P generated by the filter
We warn the reader that in what follows the assumption at the beginning of the above section remains in force, i.e., we assume that all preordered sets are nonempty and upward directed.
To achieve the previously mentioned objective we start by defining a convenient category, UdPros inj =∅,cof , and then a suitable functor, Uffs, from it to Set from which, by means of the Grothendieck construction, we will obtain the category,
Uffs, which is at the basis of the aforesaid categorial rendering. Definition 4.2. We denote by UdPros inj =∅,cof the category whose objects are the preordered sets I and whose morphisms from I to P are the injective, isotone, and cofinal mappings ϕ from I to P (recall that ϕ is cofinal if for every p ∈ P there exists an i ∈ I such that p ≤ ϕ(i)). Proof. We begin by proving that Uffs(ϕ) is well defined. This is so because, on the one hand, by Proposition 4.1,
is an ultrafilter on P and, on the other hand, since ϕ is isotone and cofinal, the filter basis
Since, evidently, Uffs preserves identities, let us show that if ψ a morphism from P to W, then Uffs(ψ • ϕ) = Uffs(ψ) • Uffs(ϕ), i.e., for every F ∈ Uffs(I), we have that
. Let F be an element of Uffs(I) and X ⊆ W an element of
Definition 4.4. We denote by Uffs the category UdPros inj =∅,cof Uffs (obtained by means of the Grothendieck construction for the covariant functor Uffs) whose objects are the ordered pairs (I, F I ) where I is an object of UdPros inj =∅,cof and F I ∈ Uffs(I), i.e., an ultrafilter on I such that the filter of the final sections of I is contained in F I , and whose morphisms from (I, F I ) to (P, F P ) are the injective, isotone, and cofinal mappings ϕ from I to P such that 
where id lim ← −I is the identity natural transformation at the functor lim ← −I .
Proof. We restrict ourselves to show that h (I,FI),· is a natural transformation from lim − →FI
•D (I,FI) to lim ← −I . Let u = (u i ) i∈I be a morphism from A to B. We claim s (x) = y if, and only if, V J,i,s (x, y) ∈ F I . Thus, for j ∈ V J,i,s (x, y), since, by hypothesis, u is a morphism from A to B, we have that
Conventions. In what follows, for simplicity of notation, given a functor F from A to B and a natural transformation η from G to H, where G and H are functors from B to C, η * F stands for η * id F , the horizontal composition of id F and η, where id F is the identity natural transformation at F , and we write F • F for id F • id F , the vertical composition of id F with itself. Moreover, if X and Y are subcategories of A and B, respectively, and there exists the bi-restriction of F to X and Y, then we denote it briefly by F . But we have that We would like to conclude this article by pointing out that, from the above results and taking into account the work done in [4] , it seems to us that a generalization of the results stated in this section to a 2-categorial setting is feasible.
Let us begin by noticing that the above category-theoretic rendering of Mariano and Miraglia theorem has been done by fixing a pair Σ = (S, Σ), where S is a set of sorts and Σ an S-sorted signature. In making so we have assigned to every object (I, F I ) of Uffs a natural transformation h (P,FP),· , and to every morphism ϕ from (I, F I ) to (P, F P ) in Uffs a pair of natural transformations (p ϕ , q ϕ ) satisfying the equation stated in Proposition 4.7. Moreover, we have shown that such a correspondence is, in fact, a functor.
Faced with such a situation, the next, natural, step would be to investigate what happens if one allows the variation of Σ = (S, Σ). In this regard, we would note that there exists a contravariant functor Sig from Set to Cat. Its object mapping sends each set of sorts S to Sig(S) = Sig(S) (= Set S ⋆ ×S ), the category of all S-sorted signatures; its arrow mapping sends each mapping α from S to T to the functor Sig(α) from Sig(T ) to Sig(S) which relabels T -sorted signatures into S-sorted signatures, i.e., Sig(α) assigns to a T -sorted signature Λ : T ⋆ × T / / U the S-sorted signature Sig(α)(Λ) = Λ α ⋆ ×α , where Λ α ⋆ ×α is the composition of ′ (for details see [4] ) and an obvious notion of 2-cell from ϕ to ϕ ′ (actually, there exists a 2-cell from ϕ to ϕ ′ if, and only if, for every i ∈ I, ϕ(i) ≤ ϕ ′ (i)), we have 2-cells from (ϕ, d) to (ϕ ′ , d ′ ), and, surely, the process described above would be 2-categorial.
